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ABSTRACT 
This paper deals with a generalized version of the well-known periodic Riccati 
differential equation which arises in certain optimal filtering problems for linear 
periodic systems. A monotonicity property for symmetric periodic equilibrium solu- 
tions is established, and it is proved that there exists a maximal symmetric periodic 
equilibrium solution. 
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1. INTRODUCTION 
The subject matter of this paper is the following class of periodic Riccati 
differential equations (PRDEs): 
P(t) =A(t)P(t)+ P(t)AT(t) 
- P(t)C’(t)R-‘(t)C(t)qt)+rI[qt)] + B(t)Byt), (1.1) 
where A( *) E gnXn, B( .) E gnXq, C( *) E 9”lXn, and R( *) E 9”‘X’n, with 
9”‘xn denoting the set of m X n real periodic function matrices of period T, 
integrable over [0, T]. Furthermore, R(t) = Rr(t) > 0, Vt, and II(.) denotes 
a positive linear map of the class of symmetric rr X n matrices into itself, i.e., 
P = Pr 2 0 implies Il( P) > 0, where P > 0 (respectively, P > 0) denotes that 
P is nonnegative (respectively, positive) definite, and AT stands for the 
transpose of A. 
What differentiates (1.1) from the standard periodic Riccati differential 
equations, which appear for instance in the study of optimal filtering prob- 
lems of linear periodic systems (see, e.g., [I-5]), is the positive linear map 
II( .). Beside its interest in its own right, the motive for the study of this class 
of equation lies in the fact that it appears, for instance, in the optimal 
filtering problem for linear periodic systems with purely additive cyclosta- 
tionary and state-dependent noises. Note that the nonperiodic version of 
Equation (1.1) has already been considered elsewhere, for instance, in [6] 
and [7]. 
The prime concern in this paper is to establish the existence of a maximal 
symmetric periodic equilibrium solution for (1.1). Previous works dealing 
with similar problems are, for instance, [B-12]. In the time-invariant context, 
maximal solution for the standard algebraic Riccati equation has been consid- 
ered in [B-lo], whereas the existence of a maximal solution for a certain 
generalized algebraic Riccati equation has been recently established in ill]. 
Maximal symmetric periodic equilibrium solution for the standard periodic 
Riccati differential equation has been treated in [12], which proved the 
existence of such a solution under conditions similar to those for the 
time-invariant case. 
2. MAIN RESULTS 
In this section we will establish a monotonicity property and the exis- 
tence of a maximal symmetric periodic equilibrium solution to the periodic 
Riccati differential equation (1.1). 
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We first introduce the following linear matrix operator 
(2.1) 
where QK(t,7) is the transition matrix of A(.)- K(*lC(e) with K(*) being a 
fixed element of YnX”‘. Note that %(m, I<, t) is a positive linear map of the 
class of symmetric periodic n X n matrices into itself. Furthermore, in order 
to have %(. , K, t) finite we need the stability of A(. ) - K(* )C( -1. Through- 
out the paper we shall adopt the following assumption. 
Assumption 2.1. The operator II(*) is such that 
inf IlS( .,K,t)ll< 1, 
K(.)Eg”x’” 
where II* ]I stands for the usual operator norm. 
Note that Assumption 2.1 is the periodic version of an assumption first 
introduced in [6]. It expresses the fact that II(*) is not too large and is 
required to establish the existence of a stabilizing periodic equilibrium 
solution of (1.1). 
Now, we recall some definitions on linear periodic systems which will be 
used in this paper. Initially, observe that the transition matrix, @(t, r) of A( *) 
is T-periodic in t and r, i.e., @(t + T, T + T) = @(t, T). Also, note that the 
eigenvalues of @(t + T, t) are independent of t and have been named in the 
literature characteristic multipliers of A( * ). Moreover, recall that A( .> is 
asymptotically stable if and only if the characteristic multipliers of A( .) are 
inside the open unit disk. 
Real periodic equilibria of (1.11, i.e. real solutions P( . ) such that P(t) = 
P(t + T) for all t, will be referred to as periodic solutions. Next, we recall 
the concept of detectability for linear periodic systems. A number of equiva- 
lent characterizations have been proposed in the literature, but here the 
following characterization proposed in [13] will be used. 
DETECTABILITY CRITERION. The periodic pair (C( * >, A(. 1) is detectable 
if and only if there exists a real periodic matrix function Kc.1 of period T and 
integrable over [0, T] such that A( e> - K( *)C( . ) is asymptotically stable. 
STABILIZABILITY CRITERION. The periodic pair (A(*), B(e)) is stabilizable 
if and only if there exists a real periodic matrix function K(o) of period T and 
integrable over [0, T] such that A(*)- B(*)K(*) is asymptotically stable. 
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The first result relates to the monotonicity of solutions to the PRDE. 
THEOREM 2.1. Let P( -) be a symmetric T-periodic solution of the PRDE 
t(t) =A(t)P(t)+ P(t)AT(t) 
-P(t)CT(t)qt)-lC(t)P(t)+n[P(t)]+&t), (2.2) 
where @.)E FX” and II(*)= gmXtn, with Q(t)= QT(t) and R(t) = 
AT(t)> 0 Vt. Moreover, assume that the pair (C(*),A(*)) is detectable and 
Assumption 2.1 holds. Then, given symmetric function matrices Q(a) E gnxn 
and R( .) E pmx”‘, with Q(t)- o(t) 2 0 and R(t)- I?(t)> 0 for all t, the 
PRDE 
p(t) =A(t)P(t)+ P(t)AT(t) 
-P(t)CT(t)R(t)-lC(t)P(t)+IIIP(t)]+Q(t) (2.3) 
has a symmetric T-periodic solution PC.1 such that P(t) 2 i(t) Vt and the 
characteristic multipliers of A( *> - P( . )CT( * )R( . )- ’ C( . ) are in the closed 
unit disk. 
Proof, From Assumption 2.1, there exists a K,,(.)E @‘nX’n such that 
A,( *) = A( .) - K,( * )C( .) is asymptotically stable and 
Now, we consider the sequence of periodic differential equations 
+ Ki(t)R(‘)KT(‘) + ‘[ Pi+,(t)] + Q(t)> i = O,l,..., (2.5) 
where 
Ki( a) 2 Pi( .)C’( .)R( .)-‘, i=1,2,..., (2.6) 
Ai(+A(*)-&(.)C(*), i=O,l,... . (2.7) 
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It will be shown that for each i > 0, there exists a unique symmetric 
T-periodic nonnegative definite solution Pi+ i(. ) to (2.5). In addition, the 
following properties hold: 
(a) Ai+ i(. > is asymptotically stable Vi >, 0, 
(b) P,(t) > t(t), i 2 0, Vt, 
CC> Pi(t) 2 Pi+,(t), i > 0, Vt. 
First, observe that subject to the asymptotic stability of Ai( (2.5) is 
equivalent to 
pi+l( t, = w( Pi+12Ki,t) (2.8) 
where 
y(P,K,+jT ~'K(t,~){n[P(7)]+K(~)R(7)KT(~)+Q(7)}~~(t,~)d7, 
-cc 
(2.9) 
with @x( t, T) being the transition matrix of A( .) - K( . )C( . ). Alternatively, 
(2.8) can be rewritten as 
Pi+I(t)=‘~(Ki,t)+Q(‘j+,,Ki,‘), (2.10) 
where 
W(K,t) A/’ ~,(t,~)[K(7)R(7)KT(7)+Q(7)]~~(t,7)d7 (2.11) 
--Qi 
and %(e, ., . ) is defined as in (2.1). 
Before establishing the properties (a)-(c) claimed above, we first recall 
that for any T-periodic matrix J( . ), of appropriate dimensions, we have that 
+K(.)R(.)KT(.)+[K(.)-J(.)lR(.)[K(.)-J(.)lT, (2.12) 
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where 
MARCEL0 D. FRAGOSO AND CARLOS E. DE SOUZA 
K(*)=P(-)CT(*)R(yl. (2.13) 
Hence, making I(.>= Ki(*) and P(o)= P(s) in (2.12) and using (2.21, we 
obtain 
#(t)=Ai(t)&)+&)Af(t)+Ki(t)A(t)K;(t) 
-Ki(t)[R(t)-Ei(t)]K;(t)+&t)+n[@(t)], (2.14) 
where R(e) P P(*)C(*)TZ?(-)-l. 
Furthermore, subtracting (2.14) from (2.5) and defining 
we have that 
‘i+l(t) =Ai(t)Fi+l(t) +‘i+,(t)AT(t) +n[ ‘i+l(t)] 
+[k(t)-Ki(t)]ri(t)[d(t)-Ki(t)]T 
+Ki(t)[R(t)-i(t)]K;(t)+Q(t)-o(t). (2.15) 
Also, subtracting (2.14), with i replaced by i + 1, from (2.12) with _I(.) = Ki(.) 
and P( 0) = P,+J -), and bearing in mind (2.51, we get 
+ n[ @i+lCt)] + Di+I(t)D,T+l(t)9 (2.16) 
PERIODIC RICCATI DIFFERENTIAL EQUATIONS 67 
where 
+Ki+,(t)[‘(t)-‘(t)]KT+,(‘)+Q(‘)-9(t). 2.1’) 
We now proceed to prove properties (a)-(c), by induction. First of all, 
note that as A,(*) is asymptotically stable and considering (2.4) it follows 
from (2.10), with i = 0, that P,(e) exists. In addition, making i = 0 in (2.15) 
and recalling that Q(a) > Q(e) and I%(.) > A(*), Lemma A.2 implies that 
p,(t) > i(t). 
In order to prove the asymptotic stability of A,(. ), we begin by making 
i = 0 in (2.16). Hence, subject to the stabilizability of (A,(* ), D,( . )), the 
result follows immediately from Lemma A.3. Next, we show that the pair 
(A i( * 1, Dl(. >) is indeed stabilizable. Let B,( * ) be such that 
Since A,(.) is asymptotically stable, the pair (A,(*), B,(o)) is stabilizable. 
Hence, by Lemma A.4, (A(.), D,(a)) is also stabilizable, where A( .) = A,(*) 
-[K,(*)- K,(-)lC(*), i.e. A(.) = A,(*), and the result follows. 
Assume now that A,_,(*) is asymptotically stable and there exists the 
solution I’,,(. ) to (2.5). In addition, P,,(t) z P(t) for all t and A,( .) is 
asymptotically stable. We shall prove that I’, + r( .) exists with P, + ,(t) > f(t) 
and Pn+l(t) Q P,(t) for all t. Furthermore, A n + i(. ) is asymptotically stable. 
With A,,( * 1 asymptotically stable, the solution of (2.5) with i = n can be 
obtained via (2.8) with i = n. This can be accomplished by successive 
approximations as follows: 
P,‘;;“(t) = “[ P;(Y?l,Kn,t], Y = 1,2 ,...> (2.18) 
P,yQ t) = P(t). (2.19) 
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The convergence of the sequence {P,‘y,( .)}r= 1 will be established by show- 
ing that it is bounded monotone nondecreasing. In order to accomplish this, 
initially note that from (2.15) with i = 12, we get 
where Qn(t, 7) is the transition matrix of A,,(. 1. Furthermore, from (2.51, 
with i = n. we have 
P,+dt) = j’ ~‘,,(t~T)(K,(T)R(T)K;f(T)+ n[pn+dT)l +Q(T)}dT. 
-cc 
(2.21) 
Therefore, using (2.20) and (2.21), it follows that 
= s(t)+ lt m,(t,T)( [ k(T)-- K,(T)] ~(t)[ k(T)- K,(T)]~ 
-cc 
+ K,,(T)[R(~) - fb)]K;(T)+ Q(T) - ~(~))@~(tJ) dT> 
which implies that 
P,‘2$(t) =Y[P,K,J] > P(t) = P,‘:‘,(t). (2.22) 
Furthermore, from (2.18) we have that 
PERIODIC RICCATI DIFFERENTIAL EQUATIONS 69 
Hence, using (2.22) we get the following monotonicity property: 
P(t) < P;$(t) < P:“+:“(t>~ i=1,2,..., Vt. (2.23) 
Next, we prove the boundedness of Pi”+),, v = 1,2,. . . Considering (2.12) 
with J( *) = K,_ r( .), P( *> = P,( *> and bearing in mind (2.5), we obtain 
pn =/’ @,,(t>~)(n[Pn(~)l+ K,(dW)K%)+ Q(T)+ S,(T)}@,T(~,T)~T, 
-cc 
(2.24) 
where 
Furthermore, using (2.24) in (2.18) implies that 
and since P,,(t) > P(t) = P~~,<t>, it follows that for all t 
qA(t) G P,(t), V = 1,2 >..‘, (2.25) 
Therefore, from (2.23) (2.25) and bearing in mind Proposition A.l, we 
conclude that there exists the limit 
P,+i(t) = lim P,‘?i(t) > P(t). 
“-+rn 
In addition, P,,+,(t) < P,(t) for all t. 
Now, the proof of asymptotic stability of A,, r(. ) can be accomplished by 
using an argument similar to that used to prove the asymptotic stability of 
A,(.). 
Finally, since the sequence ( Pi( * )}y= 1 is monotone nonincreasing, with 
P,(t) 2 f(t) Vt, i = 1,2,. . . , it follows that lim,,, P,(t) = P(t) > P(t) Vt. In 
addition, P(* ) satisfies (2.3) and is nonnegative definite, as @(. ) = 0 is a 
symmetric T-periodic solution of (2.2) for 6<. ) = 0. Furthermore, since 
the matrices Ai = A(.)- Pi(.)CT(.>R(*>-‘C(*) are asymptotically stable 
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for i 2 0, it follows that the characteristic multipliers of A- 
P(*)Cr(*)R(*)-‘Cc.>= lim,_, Ai are in the closed unit disk. W 
For the monotonicity property of the maximal solution to the classical 
differential periodic Riccati equation [ II( . ) = 01, see [ 141. 
We are now in a position to prove the existence of a maximal symmetric 
T-periodic solution to the PRDE (1.1). 
THEOREM 2.2. Let (C(*),A(.)) b e a detectable pair. Then the PRDE 
(1.1) has a maximal symmetric T-periodic solution P’(.). Moreover, P’(e) is 
nonnegative definite, and the characteristic multipliers of A( ’ ) - 
P’(*)Cr(.)R(.)-‘C(e) are in the closed unit disk. 
Proof. Follows directly from Theorem 2.1. n 
APPENDIX 
LEMMA A.l. Consider the periodic differential equation 
P(t)=A(t)P(t)+ P(t)AT(t)+II[P(t)]+Q(t), (A.1) 
where A:lW+[WnX” and Q:K!+[Wnx” are periodic matrices of period T, 
integrable over [0, T], with A(.) asymptotically stable and Q( .) symmetric 
nonnegative definite. Furthermore, II(. ) is a positive linear map of the class 
of symmetric n X n matrices into itself. DeJine the operator 
9(P,t)A/’ @(t,T)II[P(T)]@(t,T)dT, 
--m 
where @(t,~) is the transition matrix of A(t). If Idyll < 1, the equation (A.11 
has a unique symmetric T-periodic solution P(t) and in addition P(t) > 0 fm 
all t. 
Proof. Since A( * ) is asymptotically stable, (A.11 can be rewritten as 
P(t)=/’ @(t,T)Q(T)@‘(t,T)dT+jt @(t,T)n[P(T)]@r(t,T)dT. 
--m --m 
(A.2) 
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Now, considering that 11911 < 1, it follows that (A.21 has a unique solution, 
P(. 1. Note that this solution can be obtained by successive approximations as 
follows: 
PI(t) = G(t), 
where 
G(t) A/’ @(~,T)Q(T)@-(~,T) d7. 
--m 
Observe that 9- and G are positive linear maps of the class of symmetric 
T-periodic n X n matrices into itself. Finally, as Q(e) is symmetric T-peri- ,. 
odic nonnegative definite, we have that P( *) is symmetric T-periodic non- 
negative definite as well. W 
LEMMA A.2. Consider the periodic Riccati differential equation 
Zj(t)=A(t)P(t)+P(t)AT(t)+lIIP(t)] 
+ P(t)CT(t)R(t)-lC(t)P(t)+Q(t), (A.31 
where A( *I, Q( -1, and II(*) are as in Lemma A.1 and C:R +RmX”, 
R:R +lRmxm are periodic matrices with period T, integrable over [0, T ] and 
with R(t)> 0 Vt. Zf P(e)= PT(.) 
P(t) 2 0 f&- all t. 
is a T-periodic solution of (A.31, then 
Proof. Follows from Lemma A.l. n 
LEMMA A.3. Let (A(* 1, B( -1) be a stabilizable pair of T-periodic mutri- 
ces. Then A(*) is asymptotically stable if there exists a bounded symmetric 
T-periodic matrix P(*) which is nonnegative definite and satisfws 
i(t)=A(t)P(t)+P(t)AT(t)+.[P(t)]+B(t)BT(t). 
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Proof. A straightforward consequence of the extended periodic Lya- 
punov lemma of [ 151. w 
LEMMA A.4 (See [16] for proof). Let 
A(t)=A(t)-K(t)C(t), 
K(t) = P(t)CT(t)R(t)-l, 
&t)lY(t)=B(t)BT(t)+K(t)R(t)K?‘(t), 
where R(t)> 0 f or all t and all matrices are T-periodic and integrable over 
[O,T]. Then the pair (A(*), I?(.)) is stabilizable if and only if the pair 
(d( .), 6( * )) is stabilizable. 
PROPOSITION A.1 (See [17] for proof). Let {P,)T= 1 be a sequence of 
n x n symmetric matrices such that Pk < P, + 1 < P (respectively, P, > P, + 1 z 
P), k =1,2 )..., for some P. Then P, = limk ~a Pk exists and P, =G P (respec- 
tively, P,> PI. 
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